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ABSTRACT 
The Casimir effect whose existence was first predicted by Casimir in 1948 is considered as a mani- 
festation of macroscopic quantum field theory. This force is evaluated theoretically by using the 
value of the Riemann zeta function at -3. The aim of the present paper is to introduce a similar 
Casimir energy for a Riemann surface, and to express it by a special value of the Mellin transform 
of a theta series arising from the heat kernel and also by a weighted integral of the logarithm of the 
Selberg zeta function. 
0. INTRODUCTION 
Zero-point fluctuations in quantum fields give rise to observable forces between 
material bodies, the so-called Casimir forces. This Casimir effect is considered 
as a manifestation of macroscopic quantum field theory and its existence was 
first predicted by Casimir in 1948 [C2]. In fact, Casimir calculated this force by 
employing the Euler-MacLaurin summation formula. This method to obtain 
the theoretical value of the force is essentially equivalent to using the Poisson 
summation formula, in other words, to evaluating the value of the Riemann 
zeta function c(s) at s = -3 using the analytic continuation/the functional 
equation of C(s). It should be also remarked that, quite recently in 1997, the first 
satisfactory experimental verification of the Casimir effect was accomplished 
by Lamoreaux [L] (see also [vL]). 
The purpose of the present paper is to introduce an analogue of the Casimir 
energy for a compact Riemann surface M of genus g (2 2) and evaluate it by a 
certain weighted integral average of the logarithm of the Selberg zeta function. 
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The main idea for introducing reasonably such a Casimir energy is based on 
considering the sum of the eigenvalues of the Laplacian on M (it is obtained 
from the Casimir element [Cl] of the group PSL2(R) consisting of all the linear 
fractional transformations of the upper half plane) and to use the Selberg trace 
formula as a non-commutative counterpart of the Poisson summation formula. 
We shall also give a formula which expresses such a Casimir energy by a special 
value of the Mellin transform of a theta series arising from the heat kernel on 
M. 
In quantum field theory, the Casimir energy is considered as the vacuum 
energy of the field. Since the presence of boundaries for the field causes a 
change in the energy spectrum it is natural to define the vacuum energy as a 
difference in zero-point energy. Here the zero-point energy of the field is for- 
mally defined by half of a square root of the sum of all possible modes (= the 
possible eigenvalues of the field operator with required boundary conditions). 
In other words, 
{Zero-point energy for M} = ;C fiXi, 
k 
where Fi denotes the Planck constant and Xk are the eigenvalues of an elliptic, 
self-adjoint, positive, second-order differential operator defined on M which 
describes the field in question (or a flat vector bundle over M). This idea pro- 
vides us a clue how to define a Casimir energy for a Riemann surface M. In 
fact, it naturally leads us to define a Casimir energy for M by, as we will see 
later 
Ecasimir[M] = {Zero-point energy for M} - {Zero-point energy for H}, 
where H is the upper half plane while we regard M as a domain realized in H. 
Therefore, we shall consider a fundamental domain for a Fuchsian group in the 
complex upper half plane as a bounded domain M and the Casimir operator 
(=the hyperbolic Laplacian) on M as a field (differential) operator. Attention 
should be drawn to the subtractions and the regularization of infinite quantities 
which are necessary in order to derive a finite result for the Casimir energy. 
1. PRELIMINARIES 
In order to motivate the introduction of a Casimir energy for a Riemann sur- 
face, it is necessary first to recall the simplest case, that is, the case of a massless 
scalar field subject to Dirichlet boundary conditions on a pair of plates xi = 0 
and xi = a (a > 0), orthogonal to the propagation direction given by xi in the 
Euclidean spacetime. We shall give a sketch of the derivation of the Casimir 
force in this case. It is known that there are at least three methods to derive the 
force, the so-called momentum cutoff method, the Euler-MacLaurin summa- 
tion formula [C2], and the Plana summation formula [EMOT] (see also [BVW], 
[EORBZ], [Ml, [PMG]). We shall take the last one since it makes it easy to give 
a considerably proper definition of a Casimir energy in a hyperbolic situation. 
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Let us consider such plates which are kept at distance a from each other, 
while the directions perpendicular to xi are limited by flat hyperplane surfaces 
of (equal) length of sides given by L. We assume L > a. The system is put into a 
larger box of size L, limited by another plate xi = L. As a result, this finite 
bounded space is divided into two regions of width a and L - a. The larger box 
is enclosing the field, which is forced to satisfy Dirichlet boundary conditions 
on the surfaces. In this situation the Casimir effect is determined by the differ- 
ence in zero-point energy between the configuration where the second plate is 
at x1 = a and that in which it is placed at a distance L/q, 7 being the number 
satisfying L/q > a. Let us assume the field to exist is in a d + 1 dimensional 
Euclidean spacetime and the time-dependent part of the Klein-Gordon op- 
erator can be separated from the spatial one given by the Laplacian 
A = -(6’2/ax,’ + . . . + a2/8x$). T o introduce the Casimir energy it is con- 
venient to use the regions above called respectively by I, II, III, IV: 
1 : 0 < x1 5 u, 0 2 x2 5 L, . . , 0 5 Xd 2 L, 
11 : u < x1 5 L, 0 < x2 5 L, . ,o 5 xd 5 L, 
111 : 0 5 xl < L/q, 0 < x2 5 L, . . . ,o < xd < L, 
Iv : L/q 5 xl 5 L, 0 5 x2 5 L, . . , ,o 2 xd < L. 
The Casimir energy is thus defined as the difference 
kasimir(a) = &(a) + -h(L - a) - {Jh(L/rl) + Gv(L - L/q)} 
for Lz+ 1, 
where EI(a) is the zero-point energy in region I specified above, etc. Precisely, 
the zero-point energy of the Klein-Gordon eigenmodes, i.e. the eigenstates of 
the Laplacian, compatible with Dirichlet boundary conditions at the bound- 
aries of the region I is (formally) given by 
EI(a) =; c E ... 
nl-1 n2=1 
where we have set ti = 1, c (=the speed of light in a vacuum) = 1 and kl , . . , kd 
are the wave numbers labeled by 
kl=iinl,k?=~n2;-.,kd=~nd 
a 
(??I,@ ,..., ndEh,). 
Since we assume L is very large we may regard k2,. , kd as continuous vari- 
ables, whence it follows that EI (a) is rewritten as 
El(a) =- - ’ ( L)d-‘n$ ,j-, /wdx2...dxd 2 2lr 
,/pk-&, 
Here we have employed polar coordinates in kz, , kd -space. The summation 
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in the expression of Et(a) can be also replaced by integrals when we consider 
G@ - a>, &&Vrl) and -fh(L - L/V) since we may assume that L - a, L/q 
and L - L/q are all large enough. One has for instance 
lh(L - a) = 
Ld-’ 
(4a)5?(9 
L-a 7 7 .JX2+k2kd-2dkdx. 
= 0 0 
The remaining (divergent quantities) &I(L/~), &v(L - L/q) are also given 
similarly. Since 
L-a L/v L-L/v 
-- 7+---- 7r ( 7r > 
a =-- 
7r’ 
it follows hence that for L >> 1 
(1.1) &asimir (a) = F(z) -i 7 F(x)dx 1 , 
where we set 
P(x) = 7 kd-2(g + k2)idk. 
0 
Though the expression above for F(x) obviously diverges in general, if one uses 
the integral representation of the Beta function one may interpret it as 
F(x) = - &r(yr(-i). 
This procedure is a so-called dimensional regularization in physics. We now 
recall the Plana summation formula (see, e.g., [EMOT]) to compute (1.1) for 
. . 
obtaining a finite result for Ecasimir (4: 
for an appropriate functionf(x). We now rescale this formula by x H zx, that 
is, pluggingf(x) = F(zx) into (1.2). Note 
F(ix) - F(-ix) = -& r r$) r (-$) sing = $djq-1/2 r(y) 
r(i +g) 
by the reflection formula for the gamma function. Then, since F(0) = 0, as a 
consequence of the regularization of quantities above we come to the desirable 
expression: 
-&he(a) = - 
aLd-’ 1 
s 
w xd 
$ZQ r (1 + $) o e2ax - 1 dx’ 
In fact, employing the well-known integral representation of the Riemann zeta 
function 
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c(s) = l?(s) () LT zdr, Re(s) > 1 
and making use of the duplication formula of I’(S), we see that the Casimir 
energy takes the form 
(1.3) 
Ld-1 
Ecasimir (a) = - 7 
(4792 
This allows us to compute E,!asimir (a), the energy in the transverse direction per 
unit area; for example, if we take d = 3 then using c(4) = 7r4/90 we have 
T2 1 
E&simir(a) = -14402’ 
Hence the force F Casimir(a) per unit area between the plates is obtained by tak- 
ing the negative derivative of Ejasimir (u) with respect to a as follows: 
This is the Casimir force due to a massless scalar field. The force due to elec- 
tromagnetic field fluctuations between parallel conducting plates discovered 
initially by Casimir is given by 2Fcasimir(a) = - &$. See [M] for details. 
2. SELBERG TRACE FORMULA 
Let H = {z = x + iy ; y > 0, x E rW} be the upper half plane with the Poincare 
metric ds2 = ~-~(dx’ + dy2). The group of motions (without reflection) of H 
coincides with the group PSL2(R) = SLz(R)/{il}. In fact, H can be realized 
as a homogeneous space SL2(R)/SO(2). The action of the element g = 
of PSL2(R) is given by a linear fractional transformation, i.e. 
ZHgz= s (z E H). 
The elements of the group SL$Zi) are elliptic, parabolic and hyperbolic if the 
value of /trgl is respectively satisfying /trg( < 2; ltrg] = 2 or ltrgl > 2. We shall 
be interested in a so-called Fuchsian group of the first kind, that is, a discrete 
subgroup r c PSL2(R) of motions of H for which there exists a fundamental 
domain with a finite volume. It is well-known that the fundamental domain is 
compact if and only if there is no parabolic element in I. 
Let M be a compact Riemann surface of genus g greater than 1. Then M can 
be realized as a form A4 = I’\H, where f is a strictly hyperbolic subgroup of 
PSL2(R). In this case, the fundamental group of M is isomorphic to I’ and the 
volume vol(M) of A4 is given by vol(lM) = 47r(g - 1) by the Gauss-Bonnet for- 
mula. 
Let us consider an arbitrary strictly hyperbolic (hence a co-compact) discrete 
subgroup l?. Each hyperbolic element y is conjugate (in PSL2(R)) to an ele- 
ment z H N(y)z, where N(y)(> 1) is the norm of y. Put e, = logN(y). Then C, 
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defines a length of the closed geodesic on M defined by the conjugacy class of y 
in P. Let x be a finite dimensional unitary representation of l?. Suppose that 
the function /z(r) is even, holomorphic and h(r) = O((1 + JY/~)-~-~), 6 > 0 in 
the strip [Imrl < $ + E for some E > 0. Then the Selberg trace formula (see e.g., 
[MC]) reads 
where rj2 = Xj - $, Xj runs through the set of all eigenvalues of the hyperbolic 
Laplacian (= the Casimir operator) n = A, = -y2((a2/8x2) + (a2/0y2)) act- 
ing on a flat vector bundle E,(M) over M defined by x (with natural Dirichlet’s 
boundary condition). The sum indicated by {y} r in the right-hand side is taken 
over the set Primr of all primitive hyperbolic conjugacy classes of F. More- 
over, h stands for the Euclidean Fourier transform of h; 
@a) = &J-“, h(r)e-2”iadr. 
An attempt to use the trace formula to define a Casimir energy for the hy- 
perbolic space H requires reformulating the trace formula. Thus we first recall 
the so-called spherical Fourier transform of the K-biinvariant functions on 
G = S&(R), K being the subgroup SO(2) of G. Let & be the spherical function 
characterized by the conditions; (i) K-biinvariant, (ii) A$, + (r2 + a)~& = 0, 
and (iii) &(e) = 1, e being the unit element of G. It is in fact the matrix element 
of the unit K-fixed vector of the unitary principal continuous series re- 
presentation of G. Since any element g E G can be written uniquely as 
g = katk’ (k, k’ E K, a, E A (t 2 0)), A being the abelian subgroup of G given by 
the value of & is determined completely on A and satisfies #,.(a-,) = $,(at). 
Moreover, it is well-known that +,(at) is explicitly expressed by the Legendre 
spherical function: $,(Q) = P,,-i(cosh t). The spherical Fourier transform of 
a K-biinvariant functionf in a suitable class (e.g., the space of compactly sup- 
ported smooth functions) is defined by 
where dg denotes the Haar measure on G defined by dg = sinh tdtdkdk’ ac- 
cording to the decomposition g = ka,k’ with J, dk = 1. It is well-known (see 
e.g., [Su]) that 
m = 27 Ff(t) cosrtdt 
0 
(ti Ff(t) = ;&)cosvtdr), 
where 
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t?(t) = e@ 7 f(arnx)dx,nx = ; ‘I . -w ( 1 
Moreover the Plancherel theorem for the spherical Fourier transform on G as- 
serts 
Hence, in terms of a K-biinvariant function f, the trace formula can be im- 
mediately rewritten as 
3. CASIMIR ENERGY FOR THE UPPER HALF PLANE 
As we have seen in Ql the presence of boundaries for the field induces a change 
in the energy spectrum and hence modifies also the zero-point energy. Conse- 
quently, one should define the physical vacuum energy, in other words, the 
Casimir energy, as a difference in zero-point energy. Let K? stand for an arbi- 
trary boundary required for the considered field. Let E[dfi] be the zero-point 
energy in the presence of boundaries, and E[O] that without such boundaries. 
Then the Casimir energy can be considered formally as 
E casimir [dfi] (= &x [an]) = EO [afi] - EO [O] 
with taking a necessary revision relative to the volume of fl into account. 
To make this formal definition of the Casimir energy more transparent it is 
important to specify what kind of ‘boundary and corresponding boundary 
conditions’ must be dealt with. Thus we shall take into consideration the fol- 
lowing points in the sequel; 
(1) the boundary of the rectangular box consists of flat hyperplanes. These 
are in fact totally geodesic submanifolds in the Euclidean space. 
(2) a field is confined to a finite cavity in the typical situation. 
(3) the boundary of the fundamental domain I’\29 consists of pieces of 
geodesics, that is, circles (including lines) perpendicular to the real axis Iw. We 
regard a compact Riemann surface as a fundamental domain realized in H. 
Therefore, in view of the equation (l.l), the Casimir energy in the hyperbolic 
case should be introduced as 
Ecasimir[ IY \H] = ATr JCasimir operator on I’\H - i TrT XfdEx, 
where n = &m XdEx is a spectral decomposition of the hyperbolic Laplacian 
on H. Moreover, what is interesting for defining the Casimir energy in this way 
is consistency with the trace formula as we will see soon. Actually, this formally 
defined quantity can have a finite value after regularization and subtractions by 
means of the trace formula. 
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Throughout the present section, it is useful to bear in mind and to expect the 
following correspondence between the Euclidean and the hyperbolic cases for 
dimension 2: 
w - H 
A=-($+$) - A = -y’(&+&) 
a rectangular cavity - a fundamental domain for l? 
the distance a of parallel lines - the volume of I \H 
The Plana summation formula - The Selberg trace formula 
The Riemann zeta function ‘evazn’ The Selberg zeta function 
Since we are interested in the formal sum i Cp?i Xi over the eigenvalues of the 
hyperbolic Laplacian A = A, = -y2((a2/8x2) + (a2/8y2)) on M = I’\H as- 
sociated with x, it is convenient to introduce the following spectral L-function 
relative to A, (via the Mellin transform of the heat kernel): 
(3.1) Q, xl = $7 tS- ‘Tre-““xdt. 
Our focus of attention is then a possible regularization of the value iL( - 4, x) 
which is considered as a zero-point energy of the field defined by A,. Actually, 
motivated by (1.1) we are now in a position to define the notion of a Casimir 
energy for the hyperbolic plane case. 
Definition 3.1. The Casimir energy Ecasimir [M, x] for a domain M = l’\H in the 
upper halfplane H associated with aJinite dimensional unitary representation x of 
r is defined to be halfof the regularized value 
qs, xl - dimx2yWJ g ( r2 + i)-‘r tanh(nr)dr 
at s = - i. In particular, we call Ecasimir [M] = Ecasimir[M, l] the Casimir energy 
for a compact Riemann surface M. 
In view of the expression (1.2) combined with the fact P(O) = Jr {F(x)+ 
F(-x)}dx in the Euclidean case, this definition of the Casimir energy for the 
hyperbolic case seems quite natural. In fact, the appearance of the value f (e) in 
the trace formula can be considered as a hyperbolic counterpart of p(O) in (1.2). 
By the expression (3.1) above, it follows that the meromorphic behavior of 
L(s, x) is determined by the asymptotic expansion of the heat kernel TreefAx 
for small t > 0. Since 
(3.2) Tag-‘*, = 2 e-‘& = E e-‘(y/2+:), 
j=O j=O 
if one takes the function h(r) = e- f(r2 +8 as a test function for the trace formula 
in $2 one has 
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(3.3) 
Tre- 
tn _ dimx vol(A4) O” 
x - 
27r ; e- 
f(r2+d)v tanh(rv)dv 
Here we have used 
t(r2+;)e-ifrdr - 1 ++Q e 4 
d&s 
Using this expression, we have the asymptotic behavior for t + +0 
TreetAx = dimx vol(M) 1 
47r 
x t + regular, 
while TreefAx has exponential decay as t + 00. This shows in particular that the 
spectral L-function L(s, x) is holomorphic in the region Re(s) > 1, and mer- 
omorphic on C. 
Now we define a theta series %r (t, x) by 
(3.4) %r(t, x) = TrePtAx - 
dim xvol(M) co 
2~ i e&~)y tanh(rr)dr. 
Thus we have by (3.3) 
Since it is well-known that there is a positive constant &r such that 0 < EF < !, 
for all y (f e) E r, it is easy to see from (3.5) that %r (t, x) has exponential de- 
cay both for t + +O, co Using these facts combined with the integral re- 
presentation of the gamma function we see the Casimir energy is actually 
evaluated as a (regularized) special value of the Mellin transform of the theta 
series %r (t, x). Thus we obtain the following lemma. 
Lemma 3.2. Put 
Eb, x) = JQ, x) - 
dimx2;W) H ( y2 + :)-‘I tanh(rr)dr. 
Then the formula 
(3.6) E(s, x) =+r tS-%(t, x)dt 
holds. Moreover, this gives a meromovphic continuation of E(s, x) to the whole 
complex plane @. In particular, we have 
Our next task is to express E(s, x) by the logarithmic derivative of the Selberg 
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zeta function !Pr (s, x) = $logZr (s, x). We first recall the Selberg zeta func- 
tion Zr (s, x). It is given by the Euler product: 
zr (5 x) = n [ det(1 - x(Y)N(Y)-‘-‘) (Re(s) > 1). 
{Y}~ tPrim(r) n=O 
It is well-known (see e.g., [Se] and [G2]) that Zr(s, x) has an analytic con- 
tinuation in the whole complex plane as an entire function of order 2 with 
‘trivial zeroes’ and ‘spectral zeroes’ , and satisfies a functional equation which 
relates the value of Zr (1 - s, x) to that of Zr (s, x). In particular, the order of 
zero of Zr(s, x) at s = 1 is equal to m, := [x; 11, the multiplicity of the trivial 
representation 1 of r appearing in the decomposition of x into irreducibles. 
This shows !Pr(s, x) is meromorphic with a positive integral residue at each 
pole and, in particular, has a simple pole at s = 1 with residue m,. Moreover, 
from the Euler product of Zr (s, x) it follows (see e.g., [MC]) for Re(s) > 1 that 
(3.7) @r(h x) = -q+> xl Zr (s, X) 
AC 5 tr(xWP7 e-(S-$)n”7 
21rlr n= 1 sinh(9) 
It is also known in [MC] (see also [G2]) that Pr (s, x) is represented by the theta 
series 8r (t, x) as 
(3.8) Pr(s, X) = (2~ - l)T er(t, ~)P(“-‘)~dt (Re(s) > 1). 
0 
Using this equation we have the following theorem. 
Theorem 3.3. For Re(s) < 0 we have 
(3.9) sin(7rs) O” E(s, x> = ~ ~ d’ (t2+t)PS1Zir(t+l, x)dt. 
In particular, the Casimir energy for E,(M) is given by 
(3.10) ECasimir[M, X] = -& 7 fi*r(t i- 1, X) dt. 
0 
Proof. Note first that Zr (x + 1, x) N xmx as x --f +0 and Zr (x + 1, x) + 1 as 
x~~.Thuswesee~r(x+l,~)--~/xasx~+Oand9r(x+l,~)--tOas 
x -+ 00. Suppose hence Re(s) < 0. Then by (3.8) we have 
72 
=r $ (x2 + x)-$(2x + l)e-“@+‘)‘Br (t, x) dt dx 
=$ (j+Otdy)Qr@; x)dt 
=r(l -s)T tS-‘6$(t, x)dt, 
0 
whence the desired expression (3.9) follows from Lemma 3.2 and the reflection 
formula of the gamma function: I (s) E (1 - 3) = 7r/ sin(Ts). The expression 
(3.10) is an immediate consequence of (3.9). This completes the proof of the 
theorem. 0 
Integration by parts yields the following expression of the Casimir energy. This 
shows the Casimir energy is a weighted average of the logarithm of the Selberg 
zeta function. 
Corollary 3.4. 
(3.11) &hsimir [M, x] =&jr (1 - tr2)-” log%+ x)dt. 
1 
In particular, when x = 1 we have 
&asimir[M] < 0. 
Proof. Since 1ogZr (s, 1) < 0 for s > 1, the negativity of Eoasimir[M] follows 
immediately from (3.11). 0 
Remark 1. If we change the integral variable in (3.11) by putting t = coshy we 
find the Casimir energy is represented by the following weighted integral of the 
logarithm of the Selberg zeta function. 
(3.12) Ecasimir[M, X] = & 7 1ogZr (cosh2 !, x) d(sinhy). 
0 
Remark 2. Once we get this ECasimir [M, x] as the Casimir energy for E,(M) the 
corresponding force may be defined by the negative derivative ‘with respect to 
I’, rather, the first variation with respect to compact Riemann surfaces in the 
moduli space, that is, in the Teichmiiller space (cf. [TZ]). We leave this point to 
the further study. 
Remark 3. Using the several integral representation formulas of the modified 
Bessel function K,(z) one gets another proof of the theorem. Actually, one can 
find essentially the same computation in [EORBZ]. For the readers’ con- 
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venience we give here a brief sketch of it. Since K,(z) = K-,(z) for Re(z) > 0 
and 
K,(z) = i (J’ 7 e- (‘+$)tp”-‘& 
0 
@e(z) > --!), 
we observe 
Further recall another integral representation of K,(z): 
K,(z) = 
From this it follows that 
Hence combining (3.13) with the series expression (3.7) of Pr(s, x) gives the 
formula (3.9) in Theorem 3.3. As to the justification for convergence etc. in the 
above manipulation we omit the details. 
Remark 4. It is worth generalizing the result of this paper to more general hy- 
perbolic cases, further to that of their homogeneous vector bundles (non-scalar 
field cases). One may expect that it is also done by using formulas obtained in 
[G2], [W] which are the exact analogue of (3.8). 
Remark 5. A similar procedure to obtain the expression (3.9) in Theorem 3.3 
may provide the determinant expression of the Selberg zeta function by A, in 
VW, [Sal, WI. 
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